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In this work we study kinklike structures, which are localized solutions that appear in models
described by real scalar fields. The model to be considered is characterized by two real scalar
fields and includes a function of one of the two fields that modifies the kinematics associated to the
other field. The investigation brings to light a first order framework that minimizes the energy of
the solutions by introducing an auxiliary function that directly contributes to describe the system.
We explore an interesting route, in which one field acts independently, entrapping the other field,
inducing important modifications in the profile of the localized structure. The procedure may make
the solution to spring up as a multikink, engendering the important feature that also appears directly
connected with issues of current interest at the nanometric scale, in particular in the electronic
transport in molecules in the presence of vibrational degrees of freedom.
Spontaneous symmetry breaking is ubiquitous in
physics, and is deeply connected with phase transitions
and the generation of localized structures in nature.
These structures engender finite energy, may attain topo-
logical behavior and usually appear in one, two and three
spatial dimensions. In high energy physics they are called
kinks, vortices and magnetic monopoles, respectively;
see, e.g., [1–3] and references therein. In this study we
concentrate on kinks, which are, in the simplest form,
generated under the presence of a single real scalar field
in (1, 1) spacetime dimensions. The model usually en-
genders a standard kinetic term and a potential, which
controls the nonlinearity of the physical system and de-
velop spontaneous symmetry breaking.
Since the pioneer work of Finkelstein [4], kinks have
been studied in a diversity of contexts in physics, for in-
stance, in high energy physics [5–9], in condensed matter
[10–14] and in other areas [15–18] of nonlinear science. In
high energy physics, in [5] the authors described a pro-
cedure to construct new models capable of supporting
kinklike solutions. Also, in [6] kinks have been studied
in (D, 1) spacetime dimensions, that is, in arbitrary D
spatial dimensions, and there we have also described the
presence of solutions with the profile of a two-kink con-
figuration. Kinks also appeared in [7], in the study of
the creation of solitons from particles, in which the scat-
tering of wave pulses creates kink-antikink pairs; in [8],
where complex (twisted) kinks are shown to appear as
exact self-consistent solutions in Bogoliubov–de Gennes
and chiral Gross-Neveu systems; and in [9], in a investiga-
tion that describes the decay of cosmic string loops in the
Abelian-Higgs model as primarily due to kink collisions.
In condensed matter, in [10] the authors found two-
kink structures experimentally, in the micrometer-sized
Fe20Ni80 magnetic material under the presence of con-
strained geometries; in [11] it was shown that a kink-
like configuration in Fe30Ni70 magnetic nanowires may
change polarity under the presence of an electric current;
in [12], which reported on the longitudinal spin Seebeck
effect, measured in a system composed of a ferrimagnetic
insulator Y3Fe5O12 slab and a Pt film by means of the
inverse spin-Hall effect, with the voltage acquiring the
profile of a two-kink configuration; in [13], where the in-
vestigation focused on the propagation of a domain wall
under the effect of a magnetic field, to lead to the forma-
tion of kinks, which can behave like sine-Gordon solitons
in thin films of materials such as yttrium iron garnets;
and in [14], where the authors established an analogy be-
tween the excitations of a buckled graphene nanoribbon
and kinks of the well-known φ4 model, the prototype of
the Higgs model.
In other areas of nonlinear science, in [15–18], for in-
stance, the electronic transport in molecules may gen-
erate a current with the two-kink behavior, which can
be further modified to have a novel profile that we call a
multikink, which appears when the investigation includes
vibrational degrees of freedom of the molecule [16, 17];
see also [19].
The two-kink solution that appeared before in [10] is
directly related to the presence of the geometric constric-
tion there introduced. A particular geometric junction
was also used in [20] to create skyrmions from domain-
walls or kinks. Another situation where a geometric
constriction is of key importance, was explored in [21],
and there, the authors demonstrated experimentally the
current-driven transformation of kinklike configurations
into magnetic skyrmions in a magnetic strip, an issue of
direct interest to skyrmion-based spintronics. These re-
sults suggest that the study of kinks at the nanometric
scale needs further attention, because the presence of ge-
ometrical constrictions may induce internal modifications
in the profile of the localized structure, contributing to
change the physical properties of the system under inves-
tigation.
The above facts motivated us to concentrate on the
study of kinks, searching for the presence of multikink
configurations, taking into account new effects, capable
of simulating geometrical modifications that may appear
at the nanometric scale. Since in its simplest form the
kink requires a real scalar field and the presence of the Z2
symmetry, we modify the system and enlarge the sym-
metry to the Z2 × Z2 case, with the addition of another
real scalar field to control the extra symmetry. In this
sense, we work with the action of two real scalar fields,
φ and χ, in (1, 1) spacetime dimensions. We use natural
units and consider all the fields, parameters and space
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2and time coordinates dimensionless, to help us focus on
the main aspects of the problem. The Lagrange density
is given by
L = 1
2
f(χ)∂µφ∂
µφ+
1
2
∂µχ∂
µχ− V (φ, χ), (1)
and the function f(χ) is nonnegative. We implement a
detailed investigation in the longer work [22], so here we
focus on the search of kinks considering static configura-
tions; in this case, the equations of motion are
d
dx
(
f(χ)
dφ
dx
)
= Vφ(φ, χ), (2a)
d2χ
dx2
− 1
2
df(χ)
dχ
(
dφ
dx
)2
= Vχ(φ, χ), (2b)
where Vφ = ∂V/∂φ, Vχ = ∂V/∂χ and fχ = df/dχ.
Asymptotically, one requires that φ(x→ ±∞)→ v± and
χ(x → ±∞) → w±, where v± and w± are parameters
related to the form of the potential, usually identifying
its minima. In particular, when χ becomes w+ or w−,
the potential only depends on φ and if we impose that
f(w±) = 1, the model turns out to describe a single real
scalar field, with standard kinematics. In the presence of
static configurations, the energy density has the form
ρ ≡ T00 = 1
2
f(χ)
(
dφ
dx
)2
+
1
2
(
dχ
dx
)2
+ V (φ, χ). (3)
We work with Ref. [23], using the Bogomol’nyi procedure
to investigate the conditions under which the model gives
rise to a first order framework. We introduce an auxiliary
function W (φ, χ) such that (3) can be rewritten in the
form
ρ =
f(χ)
2
(
dφ
dx
∓ Wφ
f(χ)
)2
+
1
2
(
dχ
dx
∓Wχ
)2
+ V −
(
1
2
W 2φ
f(χ)
+
1
2
W 2χ
)
± dW
dx
,
(4)
where Wφ = ∂W/∂φ and Wχ = ∂W/∂χ. We then write
the potential in the form
V (φ, χ) =
W 2φ
2f(χ)
+
W 2χ
2
, (5)
and this leads to the conclusion that the energy is now
bounded by E ≥ EB ≡ |W (v+, w+)−W (v−, w−)|. It is
minimized to EB if the scalar fields solve the first order
equations
dφ
dx
= ±Wφ(φ, χ)
f(χ)
,
dχ
dx
= ±Wχ(φ, χ). (6)
An interesting fact is that, even though the function f(χ)
appear in the equations of motion (2) and in the above
first order equations, it does not contribute to the energy,
which only depends on the function W and the asymp-
totic values of the field configurations. One can also check
that the solutions of the above first order equations (6)
satisfy the second order equations of motion (2).
The system of first order equations becomes partic-
ularly interesting when W (φ, χ) is written as the sum
W (φ, χ) = W1(φ) + W2(χ), such that Wφχ = Wχφ = 0.
In this case the second of the first order equations (6)
does not depend on φ, so the χ field can be solved inde-
pendently, to feed the behavior of the other field, φ. In
this work we follow this strategy, that is, we use the field
χ to act to change the behavior of the other field. In
this sense, since a kink is a topological structure which
is localized around its center, we can make the χ field
to generate a kink, and use it to modify the other field
configuration, so the model can be used to entrap the
field φ, working to unveil effects that can possibly ap-
pear under the presence of geometric constrictions. As
we show below, our proposal leads to the presence of mul-
tikink structures that are novel field configurations with
no precendent in the related literature. In fact, we in-
novate in the sense that the multikink structures springs
up in the presence of constrained geometries, so they are
of current interest and directly connected to the study of
localized structures at the nanometric scale.
The existence of the first order equations (6) allows us
to distinguish two contributions to the energy density,
given by ρ = ρ1(φ(x), χ(x)) + ρ2(χ(x)), where
ρ1 = f(χ)
(
dφ
dx
)2
, ρ2 =
(
dχ
dx
)2
. (7)
Since the solutions of the first order equations have en-
ergy minimized to EB , they are stable against small fluc-
tuations of the scalar fields [23].
The above procedure introduces an interesting ap-
proach to deal with kinks, which can be used to describe
distinct properties of the solutions. We investigate sev-
eral issues in the longer work [22], so here we illustrate the
general results considering some distinct examples which
capture the essence of the proposal. We first suppose
that f(χ) = 1/χ2 and take the function
W (φ, χ) = φ− 1
3
φ3 + αχ− 1
3
αχ3, (8)
where α is a non-negative real parameter. Although the
above W (φ, χ) allows the presence of four distinct param-
eters, here one only uses α, which is enough to expose the
main feature of the model, helping us to control the pro-
file of the solutions. The potential in Eq. (5) becomes
V (φ, χ) =
1
2
χ2(1− φ2)2 + 1
2
α2(1− χ2)2. (9)
It is nonnegative, so the absolute minima are at the val-
ues ±1, which identify both v± and w±, needed to de-
scribe the boundary conditions for the solutions. We note
that f(±1) = 1, as expected. So, for χ = ±1 the model
describes the standard φ4 model, the prototype of the
3FIG. 1: The solution χ(x) (left) and the energy density ρ2(x)
(right), depicted for α = 0.4 and 0.6. The thickness of the
lines increases with α.
FIG. 2: The solution φ(x) (left) and the energy density ρ1(x)
(right), for α = 0.2 and 1. The thickness of the lines increases
with α.
Higgs model, supporting the standard kinklike solution,
with the hyperbolic tangent form.
In the presence of static solutions, the above potential
minimizes the energy to the value EB = 4(1 + α)/3, and
the first order equations become
dφ
dx
= ±χ2(1− φ2), dχ
dx
= ±α(1− χ2). (10)
These equations support kinks and anti-kinks but, since
they are related by a reflection in the x coordinate, we
only consider the case of kinks. As one knows, the first or-
der equation for χ describes the standard χ4 model, with
solution χ(x) = tanh(αx). Near the origin, χ(x) ∝ αx,
so α contributes to modify the behavior of the solution
near its center located at the origin. The contribution
of this field to the energy density ρ2 appears in Eq. (7),
giving ρ2(x) = α
2sech4(αx). After integration we get
E2 = 4α/3. The profile of this kink and the correspond-
ing energy density ρ2(x) can be seen in Fig. 1. One
notices that as α increases, the solution becomes more
localized around its center, located at the origin. So, the
χ kink may work to entrap the other field, φ, and the
parameter α may act to make the entrapment more or
less significant.
After substituting the solution χ(x) in (10) with the
upper sign, we obtain the first order equation for φ
dφ
dx
= tanh2(αx)(1− φ2). (11)
The solution is φ=tanh(ξ(x)) and ξ(x)=x−tanh(αx)/α.
It is depicted in Fig. 2. Interestingly, it has the two-kink
profile, similar to the case found experimentally in [10]
FIG. 3: Multikink solution (top) and the corresponding en-
ergy density ρ1(x) (bottom) in the case f(χ) = 1/ cos
2(npiχ),
depicted for n = 1 and α = 0.5 (left) and 1 (right), respec-
tively.
or in [12]. Near the origin, it behaves as φ(x) ∝ α2x3,
indicating the presence of a plateau at the center of the
solution, as it happens for the two-kink configuration.
Note that α controls the behavior of the solution around
the origin, making the plateau narrower as it is increased.
The contribution ρ1(x) to the energy density is given by
Eq. (7), which becomes ρ1(x) = sech
4(ξ(x)) tanh2(αx).
It can be integrated to give E1 = 4/3. The sum E1 +E2
gives the total energy, E = 4(1 + α)/3, which matches
with the value EB obtained below Eq. (9), as expected.
The energy density ρ1(x) is also depicted in Fig. 2 for
some values of α.
We investigate another model, described by the func-
tion f(χ) = 1/cos2(npiχ), n ∈ N, and the function
W (φ, χ) given by Eq. (8). In this case, the potential
in Eq. (5) becomes
V (φ, χ) =
1
2
cos2(npiχ)(1− φ2)2 + 1
2
α2(1− χ2)2. (12)
The minima are located at the values ±1. As we can
see from the first order procedure, the χ field and the
energy density ρ2(x) contributes as in the previous case.
However, the φ field obeys the new equation
dφ
dx
= cos2(npi tanh(αx)) (1− φ2). (13)
The solution is now a multikink, which has the form
φ(x) = tanh η(x) (14a)
η(x) =
x
2
+
1
4α
(
Ci(ξ+n (x))− Ci(ξ−n (x))
)
(14b)
where Ci(z) is the cosine integral function of z argument,
and ξ±n (x) = 2npi(1±tanh(αx)). Near the origin, one can
show that φ(x) ∝ αx. The energy density ρ1 in Eq. (7)
4FIG. 4: Multikink solution (top) and the corresponding en-
ergy density ρ1n(x) (bottom) in the case f(χ) = 1/ cos
2(npiχ),
depicted for n = 2 and α = 0.5 (left) and 1 (right), respec-
tively.
now reads
ρ1n(x) = cos
2(npi tanh(αx)) sech4η(x), (15)
One may integrate it to get E1 = 4/3. We display the
solution and the energy density ρ1n(x) in Fig. 3 for n = 1
and α = 0.5 and 1, and in Fig. 4 for n = 2 and α =
0.5 and 1. We note the presence of an even number of
plateaux that inhabit the kink, which is controlled by 2n.
If instead of the above f(χ) we take the new function
f(χ) = 1/ sin2
(
(n + 1/2)piχ
)
, the model changes and
although the multikink is still given by (14), now we have
to use ξ±n (x) = (2n+1)pi(1± tanh(αx)). In this case, the
configuration attains an odd number of plateaux, 2n+ 1,
with the profile of a two-kink around its center, behaving
as φ(x) ∝ α2x3 near the origin. In Fig. 5 we display the
multikink and the new energy density ρ˜1n(x) for n = 1
and 2, and for α = 0.5.
In summary, we have studied a model with Z2 × Z2
symmetry, with the extra Z2 symmetry used to accom-
modate an additional field, which may give rise to kinks
that modify the behavior of the other field. We have in-
troduced an auxiliary function W (φ, χ) of the fields and
developed a first order framework that minimizes the en-
ergy of the system, leading to solutions that are stable
against small fluctuations of the fields, and also, against
rescaling of the spatial coordinate. With the help of the
second field χ and the function f(χ), we have been able
to show that the field φ may describe kinks with interest-
ing internal behavior, similar to the effect found in [10]
for the magnetization under the presence of a geomet-
ric constriction that leads to the two-kink profile, and in
[12] for the voltage in the longitudinal spin Seebeck ef-
fect, which also engenders the two-kink feature. We have
examined another possibility, which gives rise to multi-
kink configurations, simulating the current that appears
in the study of the quantum transport in molecular junc-
tions, specially when one includes vibrational degrees of
freedom [16, 17].
FIG. 5: Multikink solution (top) and the energy density
ρ˜1n(x) (bottom) in the case f(χ) = 1/ sin
2
(
(n + 1/2)piχ
)
,
depicted for n = 1 (left) and 2 (right), and for α = 0.5, re-
spectively.
We hope the above results motivate other investiga-
tions, in particular, on the behavior of the magnetiza-
tion in the magnetic material examined in [10], but now
with an array of geometric constrictions, and also, on
kink in the buckled graphene nanoribbon described in
[14], in the presence of geometric constrictions along the
ribbon. These possibilities could give rise to multikink
configurations as the ones investigated in this work. A
similar situation can be engineered to make the voltage
in the longitudinal spin Seebeck effect to engender the
novel multikink profile, an issue of current interest to
spintronics. The work fosters other studies, in particular
the possibility to work in higher dimensions, focusing on
planar and spatial structures such as skyrmions, vortices
and magnetic monopoles.
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